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Book Review
Review of Matrix Mathematics, Second Edition by Dennis S. Bernstein, Princeton University Press,
Princeton and Oxford (2009). xxxix + 1139 pp., Paperback, ISBN: 978-0-691-14039-1
“Thor … placed the horn to his lips … He
drank with all his might and kept drinking
as long as ever he was able; when he paused
to look, he could see that the level had sunk
a little, … for the other end lay out in the
ocean itself."
In the very beginning of the book – on page xii to be precise – one ﬁnds the above quote from the
book Norse Mythology by P.A. Munch (1970). The quote is appropriate, indeed. The body of knowledge
referred to as matrix theory is vast. And even the more than two decades the author mentions for
the time he spent on bringing together an impressive number of facts concerning matrices resulted
in something that only covers a small part of all the material that is available. Browsing through
the approximately 900 of pages of mathematics contained in the book, this becomes clear almost
immediately. Many things I came across in the quarter of a century that I have been active in theworld
of matrix theory and linear algebra are not even hinted at in the book. Everybody active in this ﬁeld
will miss topics dear to him or her. Not to the surprise of the author, by the way. As he puts it in the
last paragraph of the Preface to the Second Edition: “ I remain, like Thor, barely able to perceive a dent
in the vast knowledge that resides in the hundreds of thousands of pages devoted to this fascinating
and incredibly useful subject".
That’s one side of themedal. The other is that the author – in a truly Herculean effort – has brought
together an enormous number of ‘items’ on matrix theory. More than 2900 numbered of them in the
categories Theorems, Propositions, Lemmas, Corollaries, Examples and Facts, and these complemented
byapproximately1600shortRemarks. In thisway theauthorhasattempted towrite “a reference source
for users of matrix theory in diverse application areas".
And let me state this right away: this is a useful book. It is well-organized and has a good layout.
The deﬁnitions and statements of the ‘items’ are clear. Things are generally easy to ﬁnd thanks to a
well-organized and extensive Index (167 pages), Author Index (12 pages) and List of (Special) Symbols
(11 pages). Also there is a Bibliography carrying 1540 references, and having the nice feature that it
also tells you where these are cited in the text.
As was already said, the book is far from a complete encyclopedia of matrix theory. It does contain
an impressive amount of material, however. But before trying to give at least a global idea of what it is
about, letme indicatewhat one should not expect. For this I quote from the Preface to the First Edition:
“In all applications involvingmatrices, computational techniques are essential for obtaining numerical
solutions. The development of efﬁcient and reliable algorithms for matrix computations is therefore
an important area of research that has been extensively developed. To facilitate the solution of matrix
problems, entire computer packages have been developed using the language of matrices. However,
this book is concernedwith the analytical properties of matrices rather thanwith their computational
aspects."
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This –of course– reﬂects itself directly in the choice of the topics. Thebook startswith short sections
on generalities as logic, sets, the number system, functions, relations and graphs. Here the foundations
for the rest of thebookare laid as far as terminology andnotation is concerned. The subsequent sections
in the ﬁrst and preliminary chapter contain an enormous number of scalar identities and inequalities.
Of course it can, on occasion, be handy to have all of this brought together. Also, scalar identities can be
seen as results on one-by-onematrices so that they (formally) ﬁt into the plan of the book. But onemay
just as well wonder – as I did –why (somuch of) this material has been included to the extent it is. The
other chapters – numbered two to twelve – deal with matrix theory proper. To give an idea what they
are about, here are the titles: Basic Matrix Properties, Matrix Classes and Transformations, Polynomial
Matrices and Rational Matrix Functions, Matrix Decompositions, Generalized Inverses, Kronecker and
Schur Algebra, Positive-SemideﬁnteMatrices, Norms, Functions ofMatrices and Their Derivatives, The
Matrix Exponential and Stability Theory, and, ﬁnally, Linear Systems and Control Theory.
The author has been cited already saying that he wanted to write “a reference source for users of
matrix theory in diverse application areas". A reference source – that’s the ﬁrst thing indeed which
comes to mind when one goes through the book. Taking a better look, I became a bit puzzled, the
reason being that a closer examination reveals that the work is of a somewhat hybrid character.
This observation need not be interpreted as a serious criticism, but in a review like this it should
be mentioned. Here is what I found.
The chapters – with the exception of the ﬁrst one containing preliminaries – begin with sections
providing a core of results in the form of Theorems, Propositions etc., followed by sections giving a
collection of what are called Facts. Especially the core items are given with proofs. For some of the
facts an argument is presented too, for others not. Also sometimes references are provided as towhere
proofs can be found, sometimes not. It has not become clear to me on what basis these choices have
been made. Actually, the fact that in so many cases proofs are given somehow dilutes the reference
character of the book. Perhaps the author had in mind that the work also could be used as a text book,
but in my opinion it is not very well suited for that purpose. For this – at least to my taste – there are
too many basic things missing. For example, I could not ﬁnd the Echelon form, and the back and forth
interplay between the matrix aspect and the linear algebra approach involving the linear operator
aspect does not get sufﬁcient attention. As far as I am concerned, the detailed proofs had better be
replaced by systematic references as towhere to ﬁnd the arguments. And this then all across the board,
the Facts included. Also a little bit more background here and there would have been enlightening.
Now certain simple observations come along with full proofs whereas some highly non-trivial facts
are taken care of with a reference or with no comment at all.
As of references – in spite of the extensive Bibliography (1540 items), something peculiar is going
on in the text. At many places one ﬁnds expressions of the type “This result is due to…". In these cases
only the family name of the author is given, not the initials. Also there is no indication of the year of
publication. Checking against MathSciNet, I found that such references as a rule are highly ambiguous.
My advice for a possible next round would be to add the missing information, so that the ambiguity
disappears or is at least considerably reduced. Still better are of course complete references as the book
has them in abundance too. The criterion the author of the book had in mind in choosing between
the two modes of referring has not become clear to me. By the way, the authors mentioned in the
described incomplete way do not seem to show up in the Author Index which to my taste is a minor
omission too.
As was mentioned above, the book employs terms as Theorem, Proposition, etc. In Section 1.1 of
the book a theorem is described as a signiﬁcant statement, while a proposition is supposed to be a
theorem of less signiﬁcance. In my opinion, this distinction does not work – at least not here. In many
cases I could not ﬁgure out why a statement was called a theorem or a proposition. In many sections
the neutral term Fact is used and perhaps this would have been a better choice for the book as awhole.
In this context it is maybe telling that Fermat’s Last Theorem turns up in a short remark about Fact
1.13.18. Sometimes I had the feeling that things were a bit out of balance.
Apointwhere thehybrid character that Imentionedabove turnsup too, is in the fewdozenProblems
that are scattered through the book. There are other mathematical texts that are meant as, or in
practice serve, as reference sources and that do have problem collections. Usually, the problems are
then formulated in a way which makes clear what the outcome should be: given . . . , prove . . . . I
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have even seen cases in the literature where references were made to such exercises as if they were
theorems – which they indeed are. This book, however, features quite a few problems with an open
formulation of the type: compare . . . , extend this result to . . . , determine necessary and sufﬁcient
conditions under which . . . or – to end this incomplete selection – for which . . . does there exist . . .?
In such cases it is not clear what the outcome should be. Perhaps nice for getting a research minded
graduate student to work, but not for a book which is basically (meant as) a reference source. To ﬁnish
this point: it is interesting and maybe telling that in the Errata and Addenda to the book which can be
found on the author’s web site, for one such problem (the one on page 227) it is mentioned that the
solution to the problem is yes. It would have made sense if this kind of information had been given for
all problems concerned.
So far for some marginal notes, at worst to be interpreted as mild criticism because my over all
impression of the book is positive. And that is a fortiori true for the enormous effort the author has
put into this. Herculean – that’s the word I used earlier following up on the nice quote on the god Thor
from Norse mythology. In the same vein, thinking of what might be still ahead, something like this is
a Sisyphean work: an endless task. Each time youmight feel that the end is near, newwork is waiting.
Compared to the First Edition of this book, the total number of pages increased with 57 percent, and
the increase is actually greater since the Second Edition is typeset in a smaller font. This brings me
to a question: wouldn’t it better to publish works of this type in the form of an e-book. It would be
easier to update and also to handle. Take for instance the Index. Instead of having over one hundred
pages of terms one could just use the electronic search facility. Also it would perhaps be easier for
others to contribute to the book. Under censorship of the author(s) of course – to maintain accuracy
and consistency. The book at hand could then maybe become the nucleus (voluminous as it already
is) of a project much wider in scope than what one person – however dedicated and capable – could
ever do.
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